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A METHOD FOR PREDICTING THE STABILITY IN ROLL OF AUTOMATICALLY
CONTROLLED ATRCRAFY BASED ON THE EXPERIMENTAL. DETERMINATION
OF THE CHARACTERISTICS OF AN AUTOMATIC PILOT

By Robert T. Jones end lLeonard Sternfield
SUMMARY

& method 1s suggested for predicting the stability of aunto-
.atically controlled aeircraft by a comparison of calculsted freguency-

rosponse curves for the aircraft and experimentally determined
frequency-response curves for the aubtomatic pilot. The method is
srplied only to stabilization in roli. The method is expected to be
useful a8 & means of establishing the specifications of the perform-
ance requlred of the autometic control device for pilotless aircraft
degigned as missiles. :

INTRODUCTION

Experience has shown that the provision of auntomatic steblli-
zetion for small pilotless aircraft designed a8 missiles 18 extrermsly
difficult. The difficulty is a result of the high-frequency oscil-
lations of small-size alrcraft that reguire rapid control movements
and small time legs, characteristics which are difficult to obtaln,
particularly when the space availeble for the control ssrvomotors
end intelligence units is considered. In an unpublished analysis
mede at the Langley Memorial Aeronsutical Leboratory of the NACA,
the problem of determining the stsbility of an automatically controllied
alrcrait with lag in the control system was analyzed theoreticelly by
assuning a simplified equation for the conbrol motion, this equation
being obtained from the knowledge of the behavior of the aubtomatic
pilot. Because of the irregular respomse charascteristics often found
in sutomatic pilots, however, the control motion is difficult %o
represont mathematically and, hence, the simplified equations of the
control were found to be inadequate for the analysis.

The present paper suggests a method for predicting the stability

of an aircraft based on the experimental determination of the
characteristice of its automatic pilot. The procedure consists

RESTRICTED
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essentislly in calculating the control motlon required to maintein
a continuous simisoidal motion of unit emplitude for the degree of
freedom being Inspected. The motion of the control is obtained for
a renge of frequencies; the phase angle of the control motion and
the ratio of amplitude of control motion to airplane motion are
plotted as a function of frequency., Simllar curves are esteblisghed
for the autopilot by oscillating 1t and recording the control motlon.
The two sets of data are then compared to determine whether the
airplene will be stable under control of the automatic pilot. The
method is developed in dstail only for stebilizatlon in roll. It
may be used by the alrplane designer for either determining the
sultabllity of an existing sutomatic pillot for a particular eppli-
cation or specifying the characteristics of the automatic pilot
needed for the application.

. BYMBOIS

mas8s8 of alrplane, slugs

radius of gyration of alrplane ahout longltudinel exls, feet

>§# =4

dynamic pressures, pounds per sgquare foot
wing area, square feet
wing span, feet

rolling-moment coefficient (Rolling moment/qSbh)

[

angle of bank, radlans
angular velocity in bank, rsdians per second (dag/at)

deflection of aileron, radians

Q o d W a o wu oo

1 rate of change of rolling-moment coefficient with angulax
P velocity in beank, per radian (dC;/dp) '

rate of change of C, with &, per rédien (3C;/38)

D  aifferential operator (d/at)
w angular freguendy, radians per second

phase angle (positive value meens lead of & ahead of § .
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¢ maximum emplitude of ¢
K control-amplitude ratio {ratio of control deflection to
alrplane displacement)

z lag in seconds between signal for control and its actual motion
t time, geconds

K real part of root of stability equation

Tl/2 time for oscillation to damp to one-half 1ts amplitude, seconds
3(t) control motion es a function of tims

T period of oscillation, seconds
TETERMINATION OF CORDITIONS FOR NEUTRAL STABILITY

The metnod of determining the canditions for nsutral stabllity
is illustrated in figure 1. The calculated phase angle of the control
motion end the calculated ratio of the amplitude of control motion to
alrplane motion are plotted against angulsr frequency as shown by the
solid-line curves. The upper dashed curve is a plot of the experimental
ratio of the amplitude of control motion to auntopilot motion against
angular frequency. The lower three dashed curves are three possible
experimental phase-angle curves for the sutomatic pilot. The
intersection of the experimental and calculated control-amplitude
curves establishes the approximate frequency of the airplane with the
autopilot in operation. If, as in the case of the intermediate
experimentel phase-angle curve, the intersection of the experimental
and calculated phase-sngle curves is at the same frequency as the
lutersection of the control-amplitude-ratio curves, the airplane may
be neutrally steble and may be expected to oscillate continuously atbt
this freguency. It is, however, more usual that the intersection of
the experimental and calculated phase-angle curves will not be at
the same frequency as the intersectlion of the control-amplitude-ratio
curves. If the phase-angle curves, as in one case sghown, intersect
at = higher frequency than the control-smplitude-ratio curves, the
ajrcraft will de steble. If, as in the remaining case, the inter-
e>ction of the phase-angle curves is at a lower frequency than the
control-amplitude-ratio curves, the aircraft will be wnstable.
Because of the nonlinear characteristics of the contrcl system, 1t
is generally nececssary to make the experiments for differcnt ampli-
tudes. With & dead spot (insensitivity to small deviations) there
will probably be some amplitude below which the system will be unstable.
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Calculated freguency-ressonse curves for the alrcraft,- In the
application of the method to the case of alleron control of an eir-

craft or & missile independently stabilized about all three axes,
the squation of motion for determining the control movemsnt is

k.2
<—b§- D2+Cz D>¢==CZ &)
q ' P 5

The calculated steady-state solution of the aircraft in response o
& sinusoidal forcing function of wnit amplitude & = sin wt is
¢ = ¢max gin (wt + ). (8oe veforence 1.) The values of ¢

and © sare obtained over the desired range of angular frequencies w
by the substitution of 4w for D in the equation

Pz—kﬁDé-;-Czp 'D: - -

ghS
= -
5 035

This substitution is equivalont to specifying an undamped sinusocldal
motion and results In the expression A + 1B from which can be

obtained -+ = A2 + B2 ans o tan.l-B— The angle 6 may
Frnax

denote either a phase lag or lead. B dependmg upom. 1ts qua,dre.nt.

If €& 1s in the third or fourth quadrant, the control lags behind

the dlsplacement, but 1f & i1s in the firet or second quadrant, the
control leads the motion of the alrplane. The ratio of the emplitudes 6

end ¢ is %r‘uax and mey be termed the control-amplitude ratio X

of the control system, that 1s, the ratio of maximum control deflection
to maximim displacement in bank. A plot of K and 6 agalnst o
shows the combination of control-amplitude ratio and phese lag or lead
necessary to maintain fixed ampllituds oscillstions at any glven
frequency. These results are the calculsted frequency-response curves
due to a sinusoidal motion of the aircraflt.

Determination of equivalent sine wave for the antomatic-pilot

esponee.~ The experlmental frequency-response curves are obtained
by ogcillating the automatic pilot sinusoidally at various amplitudes
through the desired range of frequencies. The control is assumed to
oecillate at the sane frequency as the automatic pilot but because of
the physical charscteristics of the autopilot the control motion may
differ widely from‘a true sine wave and may show arbitrary phase,
amplitude, or wave-form relations (fig. 2). It is necessary, therefore, .
to determine an equivalent sine-wave response for any arbitrary control )
motion.
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In order to determine the eguivalent sine wave for an arbitrary
control motion, the following relatbtions are assumed:

(1) The work done per cycle by a control following the equiva-
lent sine wave on an aircraft having a harmonic displacement sin ot
must he the same as that done by the actual control variation.

(2) The angular impulse of the equivalent sine wave acting on
the sirplane over a half cycle mmst equal the change in anguler
momentum of the airplane caused by the actual control motion during
the same Interval. ' '

The work done by a noharmonic force 8(t) of frequency @ upon
a Larrponic motion sin it is proporticnel to

”~
i

By =°§T L/ 8(%) cos wt 4t
O

Wwhere the period of the oscillatiorn 18 T = %’)_t ,» and ZB:L ig the coef-

ficient of the corponent cos ot. (Seo refersnce 2.) This com-
ponent of the control motion that is ocut of thase witke the alr-

craft motion 1s the only harmonic of the Fourlier series representing
the forcing function 8(t) which contributes to the work done on the
aircraft. The sngular impulse is obtained by irntegrating the curve of
control deflection agzinst btine over a half cycle. This cooponent of
the control motion in phese with the sinusoidel motion of the aircraft,
obtained from the second relation, is

I?I'/2

b,
A1=E-JO 3(t) ab

where A, 18 the coefficient of the component asin ot. The com-
dition of zero net impulse over & series of cycles F_ay be met by
adjusting the reference axis for &(t) so that / 8(t) at = 0.
<o

The control motion may then be expressed es the sum of the in-phsse
and out-of-phese cowponents

Al sino ot + Bl cos wt

or

—

2 2 .
\/Al + By’ 311; (wb + Q)
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The control-smplitude ratio X is egual to JAlE + 312 and the

phase lag of the system 6 1s tan™+ %. The control-amplitude .
ratio and the phase lag or lead are determined from rescords taken mem
of the oscillationg and plotted againset ‘@. In contrast to the

calculated freguency-responss curves whlch Involve the asrodynamic

and megs characteristice of the aircraft, these experimentally,

determined curves will be functions of the dead spots end verious

typss of lag found in the control systom. In general, the behavior

of the sutomatic pilot willl be nonlinear and hence a femily of curves

showing different phase and amplitude relations for different ampli-

tudes of disburbance will be obtained.

Comparison of the calculated freguency-responese curves of the
alrcraft and the expoerimental freguency-regponge curves of the -
automatic pilot.- The two sets of freguency-response curves show, on

the one hend, the values of X and © necessary for hunting at a -
given froquency and, on the other hend, the actusl values of XK eand 6
obtained experimentally at thie frequency. In order to determine fronm
these curves vwhether the aircraft will hunt in flight, the following ;
conditions mist be satisfied: o

(1) At a given freguency and emplitude the experimental values
of K and € wmust agree with the calculated valucs.

(2) The wotion mmst be stable for amplitudes larger then the
one at which the airplane will hunt {as determined from the first
condition).

The first condition indicates that the control-amplitude ratio -
and phase lag or lesd obtained as a result of all {ypes of lag in
the control system must agree with the combination of K and 0
necesgary for hunting to exlst. The second condition 1s essentisl
to prevent instebility i1f the aircraft is displsced bto amplitudes
larger than the one at which it will hunt. The alrcraft is stable
at these larger amplitudes if, at the frequency for which the
calculated and experimental comtrol-amplitude ratios are equal, the
calculaved velus of the phase lag required for hunting is greater
than the experimentsal value. In other words, the calculated value
of 8 is a critical value of the lag necessary to cause the afrcraft
to hunt. If experimental values of & are less than the critical
value, the aircraft motion is damped, whereas Iinstability occurs if
the experimental value of 6 excesds the calculated critical value

(fig. 1).

I1lustrative case.- The sguation of motion in bank of a small .
experimental aircraft tested in the Langley 7- by 1l0~foot tunnel
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w28 estimated as
(0.000245D° + 0.00245D)F = -0.26458

Solving the equation for &/f and substituting im for D give
the expression

§= 0.0009260% - 0.00926w1

The resultant values of K and 6, thabt is, the calculated frequency-
response curves for the sircraft, are shown as solid lines In figure 3.
These curves show that for small values of K +the fraquency of the
steady oscillation is low and the motion will not be sustained unless
the phase lag is large. As KX incresses, the frequency of the steady
oscillation increasss but the phase lag reguired decreases. It is
important to note that an sutomsatic pilot with a constant time lag 1
would be unstable at high angular frequencies since the relation
between angular frequency, phase lag, and time leg is & (rediens) = wl.

The experimental frequency-response curves were obtained by
oscillating the automatic pilot at amplitudes of 10° and 20° through
the renge of desired angular frequencies. The phase leg end control-
emplitude ratio for the two amplitudes were dstermined from records
similar to figuwre 2 and are plotted as a function of w in figure 3
for two values of control amplitude ratio X. For this particular
automatic pilot, the control-amplitude ratio was independent of
amplitude whereas the phase lag varied with amplitude. The results
In figure 3 indicate that, for each control-armplituds ratio, the
eXperimental values of 6 are greater than the calculated phase lag,
and hence the aircraft would be unsteble. Unpublished results from
wind-tunnel tests indicated that the motion was unsteble, as predicted
from the curves of figure 3.

In an effort to make the alrcraft stable, the parsmeters of the
sutomatic pilot were modified and additional wind-tinnel tests were
performed. The conditions selected for these wind-tummel tests were,
however, different from those conditions for which the experimental
frequency-response curves were obtained and hence no direct prediction
of the aircraft stability could be mads. The resulis of the wind-
trnnel tests with the modified automatic pilot indicabed a steady
oecillation, and records taken of the tests showed that the values
of K and € agrecd very closely with the ccmbination of K and 6
determined from the calculated frequency-response curves. The circlsd
test pointe of figure 4 show the combination of K and 6 for the
c¢cages In which steady oscillations occurred in the roll tests.
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CALCULATED FREQUENCY RESPONSZ OF THE ATRCRAFT

FOR DAMPED OSCILLATIONS

The previous calculations of the frequency-response curves
were based on the assumption that the sinusoidal motion of the
aircralt is neutrelly demped. It is often desirable, however, to
determine the performence of an automatic control device required
to cauge the motion of the aircraft to damp at a sufficiently repid
rate. Although ho satisfactory analysis of this problem has been
given, a qualitative indication of the rate of damping to be expected
in a given case may be obtained by comparing the measured phese and
ampllitude of the control to the phase and amplitude calculated to be
required to enforce a given rate of demping.

Strictly speaking, the sssumed exponential dasmping of the motion
would require an exponential decrease in the response of the auto-
pilot at decreasing amplitudes. In general, such a llnear response
cennol be expected and hence the msthod will raguire coxeful JudgmenL
in its application.

The equation of damped motion in bank Ffor the 1llustrative case
may be written by adding & resl pexrt M to the imasginary root iw

~—

0.000245 (b + 1m)2 + 0.00245 (-b + mm)}¢ = -0.26455

where M ig glven a values ss determined by the degired rate of
demping. The motion damps to one-half ite amplitude in Tl/2 =-9J€¥£L
seconds. Solving the equation for &/ gives the expression

§-= 0.000926w% - 0.00092612 + 0.009261 + 1(-0.00926w + 0.001852mu )

The frecuency-response curves shown in figure 5 were calculated for
values of M varying from 0.175 to 8.31. The control-amplitude-

ratio curves are only plotted for B equal to zerc and 5 since they
are the limiting curves for the values of M investigated. Figure 5
indicates that the control-amplitude ratio is almost independent of M
whereas the phase lag decreares as M increasses. For a control system
with e glven control-amplitude ratio, therefore, the damping of the
oscillation increases as the phase lag is roduced. If the oscillation:

is to demn one-half in less than 1/7.22 second, the control motion
mugt lead the aircraft motion.
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In order to predict quantitatively the stebility of the motion
of an aircraft which damps exponentislly, the experimental freguency-
response curves would have to be obtained for the condition whers the
forced oscillation of the automatic pilot aleso damps exponentially.

CONCLUDING REMARKS

A method for predicting the stabllity in roll of autcmatically
controllsd aircraft by & comparison of calculated frequency-response
curves for the aircralft and experimentally determined frequency-
response curves for the automatic pilot is presented. The metiod is
expected to be useful as a means of establishing the specifications
of the performance required of the automatic control device for
pllotless aircraft designed as missilss.

Langley Memorial Asronautical Laboratory
National Advisory Committes for Aeronautics
Langley Field, Va.
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